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Wavelets are constructed comprising spline functions with multiple knots. These
wavelets have certain derivatives vanishing at the integers, in an analogous manner
to the B-splines of Schoenberg and Sharma related to cardinal Hermite inter-
polation.  © 1994 Academic Press, Inc.

1. INTRODUCTION

We do not attempt to give here a review of the development of the
theory of wavelets, but refer to [2, 4, 11, 127]. Although the theory extends
to more than one dimension, we restrict our attention here to the
univariate case.

Let i be a function in L?*(R) and consider its translated dilates
B = (2K (2¥ — ). j, ke Z}. We call ¢ an orthogonal wavelet if B forms an
orthonormal basis for L?*(R). We call ¥ a wavelet (sometimes called
prewavelet) if B forms a Riesz basis for L*(R) and y(2*. —j) is orthogonal
to Y(2'. — i) whenever k # 1. (A set {¢;:jeZ} in L*(R) is a Riesz basis for
L*(R) if every function f in L*(R) can be expressed uniquely in the form
2%, c;¢, and the norm | f| := | ¢, is equivalent to the norm || f],). The
weaker notion of wavelet was considered more recently than that of
orthogonal wavelet, see [1, 8], and is particularly useful in allowing the
construction of compactly supported spline wavelets [3].

In [6, 7], this concept is weakened further, as follows. We say functions
Yo, - ¥,_, are wavelets of multiplicity r if B:= {2y (2~ —j):j ke Z,
s=0,..,r—1} forms a Riesz basis for L*(R) and (2% — ) is orthogonal
to ¥ ,(2%. —i) whenever k# . In [7], this idea is used to construct com-
pactly supported spline wavelets y, ..., ¥,_, with knots of multiplicity r,
which are analogous to consecutive B-splines with knots of multiplicity 7.

In this paper we give a different construction of spline wavelets
Vo, - ¥, with knots of multiplicity r, which are analogous to the
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INTERPOLATORY HERMITE SPLINE WAVELETS 175

B-splines introduced by Schoenberg and Sharma [14], which are related to
the problem of cardinal Hermite spline interpolation. Here each wavelet
¥,, 0<s<r— 1, satisfies the interpolation conditions

Yy V(k)=0, 0gj<sr—1,j#s keZ.

Thus data values on the derivatives of order s at the integers are picked up
only by integer translates of the wavelet ,, and not by integer translates
of the wavelets y;, j#s.

The construction of the wavelets q, ..., ¥,_, is given in Section 2 and
their properties are studied in Section 3. The work here depends heavily on
the work of Lee [9] in showing that the B-splines are locally linearly inde-
pendent, and on the theory of cardinal Birkhoff interpolation in [5].
Finally, in Section 4, we examine the special case of cubic splines with
double knots, and in this case relate the wavelets of this paper with those
of [7].

2. CONSTRUCTION OF WAVELETS

We denote by {,, ,(S) the space of spline functions of degree » on R with
knots of multiplicity » on the set S. For i=0, .., r— 1, we let N, denote the
B-spline in {,,_, ,(Z) with support on [0, 2] and knots at 0, 1, and 2 of
multiplicity r—i, r, and i+ 1, respectively, (with suitable normalisation).
Then any function fin {,,_, ,(Z) can be written uniquely in the form

o r—1
=3 Y a;Ni(.—i)
i=—o Jj=0
for numbers (a,).

Instead of this usual basis of B-splines for {,,_; ,(Z), we shall consider
an alternative basis introduced by Schoenberg and Sharma [14] and
shown to be a basis by Lee in [9]. For s=0, .., r— 1, we let B, denote the
unique element of {,,_, ,(Z) with support on [0, 2] and satisfying

BY(1)=6,, j=0,.,r—1 (2.1)

Now By, ..,B,_; form a basis for {,_, ,(Z)|[0,2] and hence
Ny, .., N,_, can be written as linear combinations of By,.., B,_;. It
follows that any function f in {,,_, (Z) with support in [k, k+ N] for k
in Z and N>2 can be written in the form

k+N—-2 r—1

f= Z Z a;B;(.—i), (22)
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where by (2.1),
a;=fIi+1).

In particular, we see that since {5, _; (Z) <{, _, (3Z), we have

2 r—1
B(x)=3 Y c;B,(2x—i), s=0,..r—1, (2.3)

i=0 j=0

where

c;=2"'BY (l ; 1).

We remark that the basis (B,) is defined for degree 2m — 1 for any m>r,
but it is only for degree n=2r — 1 that we are able to express any function
in {, ,(Z) of compact support as a finite linear combination as in (2.2).

Now let Vo={,,_, (Z)AL*R), V,=0{5_, (3Z)~ L*R) and let W be
the orthogonal complement of ¥, in V,. It is known [7] that {N;(.—i):
ieZ, j=0,.,r—1} forms a Riesz basis for V,. Since N,,..,N,_, and
By, .., B,_, are equivalent bases, it follows that {B,(.—i): i€eZ,
Jj=0,.,r—1} is also a Riesz basis for ¥,. The two-scale relation (2.3)
suggests that we look for wavelets i, corresponding to the B-splines B,, as
we now describe.

For s=0, .., r — 1 define

T.v:{fe Vl:f(j)‘z=050<j<r_19j¢s}-

For even r and s=0, .., r — 1, we shall construct a function ¢, in Wn T,
with support on [0, r +2] so that {y(.—i): ieZ, 5=0,..,r—1} forms a
Riesz basis for W. It then follows from the work of [6] that ¥, ..., ¥,_,
are wavelets of multiplicity r, as defined in Section 1. To do this we
consider, for s=0, .., r— 1, the space

U={f€la_1.,3Z) [V Z=0,0<<r— L, 2r<j<3r—1,j#2r +s}.
We also define
U={f€l4_1,3Z):fP|Z=0,j=0,.,r—1}.

By integrating by parts it is easy to see that we have

LemMma 2.1, If fin W~ T, has support in [a,b], a<b, then there is a
unique function g in U, with support in [a, b] and g®" =f. Conversely if g
in U, has support in [a, b], then g®" is in W T,.
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We shall construct functions ¥, in U,, s=0,..,r~— 1, and then define
b=
Consider the function

2r—1 4r—1 4r—1

S(x)=Y ax/+ Y ax’/+ )Y b(x—3),, 0<x<1, (24)
r 3r 3r

and for 4 in R consider the equations

{S‘j)(1)=0,j=0, P —1, j=2r ., 3r—1,

. . 2.
SU(1)—ASD(0) =0, J=r, e 2r—1. (25)

This gives a homogeneous system of 3r equations in the unknowns
Qyy ey Qop_ 1y A3py ooy Qap_ 15 B3y oy b4, 1. We denote the determinant of this
system by n(4).

Now take s, 0<s<r—1. For S as in (2.4), consider the function

2r+s

T(x)=S(x)+c¢ m,

0<x<g1. (2.6)

For 4 in R and 0 <t <1, we consider the equations

TY(1)=0, j=0,..,r—1,2r, ., 2r+s—1, (2.7)
T‘z’“](l)—AT(2’+’)(0)=0, (2.8)
TW(1)=0, j=2r+s+1,.,3r—1, (29)
TON)—AT0)=0, j=r, ., 2r~1, (2.10)
T(t)=0. (2.11)

This gives a homogeneous system of 3r + 1 equations in the 3r previous
unknowns together with the unknown c¢. We denote its determinant by
n,(4, t)=n,(t). Since T **(0) =c, we have

& *9(0) = n(4). (2.12)
For example, when r=1,
11 3 3
0 6 3 1—4
7t()(j" t) = 1 '—‘i 3 % 1 .
t P (-3> 37

Considering (2.11), (2.7), and (2.9) gives, for general r,

20)=n(1)=0, O0<j<r—1,2r<j<3r—1,j#2r+s, (213)
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while (2.11), (2.8), and (2.10) give
P (1)y=inP0), Jj=r, .,2r—land2r+s.

(2.14)

From (2.13) and (2.14) we see that m () can be extended to an element

n, of U, satisfying
n(t+ 1)=An,(2), teR.

We now write

r+1
m(h )= 3, B () ATITE 0<es],

k=0
and define
V(1) =D, (t—k), k<t<k+ 1, k=0, ., r+1,
=0, otherwise.
Equating coefficients of powers of 4 in (2.13) and (2.14) gives
PYH0) =i (1)=0,
k=0,.,r+1,0<j<r—1,2r<j<3r—1,j#2r +s5,
e ()=, (0), k=0,.,rj=r.,2r—1and2r+s,
e (0)=0), (1)=0, j=r.,2r—1land2r+s.

s, r+1

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
(2.20)

From (2.17)-(2.20) we see that ¥, lies in U,. Clearly from (2.17), ¥, has
support in [0,r+2]. So by Lemma 2.1, the function ¢,= %" is in

W T, and has support in [0, r +2].
To finish this section we note that by (2.15)-(2.17),

nft)= 3y P+k)ATITE reR,

k= —o

= Y ®u—k)A+TE feR,

=—00

while by (2.12),
r+1

7'(();)= Z W£2r+s)(k) ir+1—k
k

=1

=Y PENr41—k) I
k=0

(2.21)

(2.22)
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3. PROPERTIES OF WAVELETS

We now study properties of the functions ¥, .., ¥,_,, in particular
showing that {y,(.—i): i€ Z, s=0, .., r—1} forms a Riesz basis for W and
hence ¥, ..., ¥, _, are wavelets of multiplicity ». As in the previous section,
we shall first consider the functions ¥, .., ¥,_, which, by (2.17), is
equivalent to studying the functions {®, ,} given by (2.16). Henceforward
we assume that r is even.

LemMMA 3.1. For 0<s<r—1 and any real number A, the function
n, =74, .) does not vanish identically on R.

Proof. We shall apply the theory of [5]. Since n(4) is the determinant
of the system (2.5), the roots of n(4)=0 are the eigenvalues for the
following cardinal Birkhoff interpolation problem.

Find a function fin {4, _, ,(3Z) with prescribed values for (3.1)
fOk),keZ jel, '

where 7={0,..,r—1,2r,..,3r—1}. We shall apply a special case of
Theorem 4.6 of [5], which we now state. For a problem of form (3.1),
let J={r<j<4r—1:4r—1—,¢I}. Suppose that J={j,..,j,}, where
ji1< -+ <j,, and for some p, 7,

odd if 1<k<p,

i + k is
Jetrtrtn {even if p+1<gk<r

Then (3.1) has p distinct eigenvalues of sign (—1)” and r — p distinct eigen-
values of sign (—1)"+".

For the case above we have J= {2r, .., 3r — 1} and, since r is even, there
are r distinct, strictly positive eigenvalues. Moreover, by symmetry, the
eigenvalues are invariant under ¢t — ¢! and so they are not equal to 1.

Now the values of 4 for which 7¢(0) ==(4, 0)=0 are the eigenvalues
for the cardinal Birkhoff interpolation problem (3.1) with I={0,..r,
2r, . 3r—=1 ]\ {2r+s}.

In this case J= {2r — 1 —s, 2r, ..., 3r — 2} and as above we see that if s is
even, then the r eigenvalues are distinct, strictly negative and not equal to
—1, while if s is odd, the eigenvalues comprise 1 and » — 1 distinct strictly
negative eigenvalues, including — 1.

So if A<0 or A=1, then from (2.12),

n+(0)=n(4) #0,

while if 2>0, A#1, then n{”(0)#0. So for all real 4, =, does not vanish
identically. [
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A similar argument shows that Lemma 3.1 is true for r odd and s even.
Unfortunately, however, it does not hold when both r and s are odd, for
in this case n,(—1,.) vanishes identically. For r and s odd, arguing as in
the proof of Lemma 3.1 shows that for A= —1, % *9(0) = z*}(0)=0 and
considering a finite Birkhoff interpolation problem on any large enough
interval shows that m, must vanish on this interval.

LEmMMA 3.2, For 0<s<r—1, the functions @, ,, i=0,.,r+1, are
linearly independent on [0, 1] and on [1,1].

Proof. This follows closely the proof of Lemma 1 in [9]. Suppose that

r+1
Z ai¢s,i(x)=05 %gxsl,
i=0

for some constants (a;). By (2.20) we have

Y a,®V(1)=0, j=r,.,2r—1land2r+s.

i=0
This gives r + 1 equations in r + 1 unknowns. Let 4 denote the determinant
of this system:

4 :=det[PY)(1)].

We shall show that 4#0. It follows that a,= --- =a,=0. Since
b, ., (1)=m,/0,t), this does not vanish identically, by Lemma 3.1, and so
we also have a,,,=0. This shows that @, ,, .., @, ,,, are linearly inde-
pendent on [4, 1] and the result for [0, 1] follows similarly.

Now let 1, ..., 4, be the roots of n{4) =0, which we showed in the proof
of Lemma 3.1 are distinct and strictly positive. Letting 4, be any non-zero
value distinct from 4,, .., 4,, put

Vi=det[A]' 1],

Then

AV=det[Z ¢g{;(1)x;+l—k]
k=0

=det[n.(vj)(j'i, 1)]3
by (2.16) and (2.20). By (2.15) and (2.12),

n£2'+3)(/1,', )= l,«ﬂizr+s)(lli’ 0) = iin(ﬂ.i).
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Since n(4;)=0, i=1, .., r, we have
AV =(—1) Aon(do) det[n (4, D], };_r L

Since Ay7m(44) 520, we only need to show that

det[S(1)]7_, Z=1#0, (3.2)

i=1 j=r
where we have written
Si(t)':ns(lia t)) tER

For i=1,..r, S; does not vanish identically, by Lemma 3.1, and by
(2.15),

S;(t+1)=2,5(3), teR.
Moreover by (2.12) and (2.13),
SIk)=0, keZ j=0,..,r—1,2r,..,3r—1.

In the terminology of (13, 5], S, .., S, are eigensplines for the problem
(3.1). Now suppose that

Y ¢, 89(1)=0, j=r, .,2r—1,

i=1
and let

S(x}=0, x<1,

=Y ¢Si(x), xzL
i=1

Then S lies in {,, _, ,(1Z) and
SU(k)=0, keZ i=0,.,r—1,2r ., 3r—1

So from the theory of [5], S is a linear combination of the eigensplines.
Since the eigensplines are linearly independent on (— oo, 0), we must have
S=0and hence 3°7_, ¢;S,=0 on (1, cv). Since the eigensplines are linearly
independent on (1, 00) we must have ¢;=0, i=1,..,r. Thus (3.2) is
established and the proof is complete. |}

Lemma 3.2 tells us, in particular, that none of the functions
b, o, ... D, ., can vanish identically on [0, 1] or on [3, 1] and so defini-
tion (2.17) immediately gives
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COROLLARY 3.1. For 0<s<r—1, the function ¥, does not vanish identi-
cally on any nontrivial interval in [0, r+ 2].

LemMma 3.3, For 0<s<r—1, any function f in U, can be written
uniquely in the form

e o)

f= %Y a¥(-i (33)

for some constants (c;). Moreover there is a constant K such that for any f
in U, and any integer j,
led <K LLj+ 1, i=j—r—1.,] (3.4)

Proof. Consider the following interpolation problem. Find g in
{ar_1.(3Z)[0, 1] with prescribed values for

{g‘”(O), j=0,..,3r—1,

‘ S
gy,  j=0,.,r—1,2r.,3r—1, (3:5)

This is a problem of quasi-Hermite interpolation by Hermite splines and
it follows from standard theory [10] that it has a unique solution for all
choices of data. Thus for 0 <s<r—1, the space U, | [0, 1] has dimension
r+ 2. But by (2.18) the functions @, ,, i=0,.,r+1, liein U, | [0, 1] and,
by Lemma 3.2, they form a basis for U, | [0, 1]. Now by (2.17),

¢s,i(t)=qls(t+i)’ 0<!<1,1=0,,r+1,

and thus for fin U, we can write uniquely
r+1
fx)=Y P (x+i), 0<x<Ll (3.6)
i=0

Considering again the interpolation problem (3.5), we see that the space
{,:={geU,|[0,1]:gY(0)=0,j=r,..,2r—1,2r+s}

has dimension 1. But by (2.20), &, , lies in {, and so forms a basis for ;.
Now let

r+1

HxX)=f(x)= Y ¢, P(x+1i), xeR. 3.7

i=0

By (3.6), f, vanishes on [0, 1] and so fi{.+ 1) lies in {,. Thus there is a
unique constant ¢_, so that

Silx+1)=c_, D, o(x), 0<xgl,
=C71WS(X), 0<x<1’
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by (2.17). So by (3.7) we can write uniquely

r+1
flxy= 3% c¢¥P(x+i), 0sx<2

f=—1

Continuing in this manner for increasing and decreasing x gives (3.3).

To prove (3.4) we take any integer j and note that ¥ (.—i)| [j,j+ 1],
i=j—r—1,..,j form a basis for UJ[j,j+1]. Since norms on a finite
dimensional space are equivalent, there is a constant K such that for all f
in U,

max{|c,:j—r—1<i<j}<KI(f| [j,j+ 1]l .

Since X is clearly independent of j, this completes the proof. ||

THEOREM 3.1. Any bounded function f in U can be written uniquely in the
form

f= ril i C?) W:( - l),

s=0 i=—o0

for uniformly bounded constants c¢'*). Moreover, if f(x) decays exponentially

as |x| — oo, then ¢ decays exponentially as |i| - o, s=0, .., r— 1.

Proof. Consider again the cardinal Birkhoff interpolation problem
(3.1). From the theory of [5] this problem is “solvable,” i.e., for bounded
date there is a unique bounded solution and if the data decays exponen-
tially as |j| — oo, then the solution decays exponentially as |x| — oo.

It follows that we can write any bounded function fin U in the form
/=¥:.58,, where for s=0,.,r—1,g is bounded and lies in U,.
Moreover, if f(x) decays exponentially as |x| » oo, then for s=0, .., r—1,
g,(x) decays exponentially as |x| — co.

The result now follows from Lemma 3.3. ]

So far in this section we have derived properties of the functions
¥, .., ¥,_,. We shall now deduce properties of the wavelets y = ¥,
s=0, .., r— 1. Recall that y, lies in Wn T, and has support in [0, r+2].

THEOREM 3.2. Take 0<s<r—1. Any element of W T, with support in
[0, r+ 2] is a constant multiple of .. The function s, does not have support
on any interval [a,b] strictly in [0,r+2] and for any integer |,
0<j<r+1, Y, does not vanish identically on [j,j+1]. Moreover i, is
either symmetric or anti-symmetric about r/2 + 1.

Proof. Suppose that g is an element of Wn T, with support in
[0,r+2]. Then by Lemma 2.1, there is a function f in U, with support
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in [0, r+ 2] satisfying f®=g. By Lemma 3.3, f can be expressed in the
form (3.3). Applying Lemma 3.2 on the interval [—1,0] gives ¢;=0,
—r—2<i< —1. Similarly applying it on [r+2,r+3] gives ¢,=0,
1<i<r+2. Thus the restriction of f to [0, r+ 27 equals ¢, ¥, and since f
has support on [0, r+2], we have f=c,¥,. Hence g =c,¥,.

If ¥, has support on an interval [a, b] strictly in [0, r+ 2], then by
Lemma 2.1, ¥, also has support on [a, 5] which contradicts Corollary 3.1.

Next suppose that i, vanishes identically on [J,j+ 1] for some integer
Js 0<j<r+ 1. Then we can write = F+ G, where F has support in [0, j]
and G has support in [j+ 1, r+27. By the previous part of the result, ¢,
cannot vanish identically on [0, 1] and so F cannot vanish identically.
Clearly Fis in T,. We claim that F lies in W. For i>j and k=0, ..,r—1,
By(.— i) vanishes on [0, /] and so | FB,(.—i)=0. Next consider i<j— 1.
Then for k=0,.,r—1, B,(.—i) vanishes on [j+1,r+2] and so
| GB,(.—i)=0. Since ¥, is in W, [(F+G) B,(.—i)=0 and so we again
have [ FB,(.—i)=0. Since {B,(.—i):ieZ k=0,..,r—1} forms a basis
for V,, F is orthogonal to V, i.e. Fliesin W. So Fis an element of W T,
with support in [0, j], which contradicts the two earlier parts of the result.

Finally, we note that ¢ (r+2—.) is an element of W~ T, with support
in [0,r+2] and so ,(r+2—.)=c{,, where y,=c%,andso c=+1. |

We say a sequence (f;)™_, of functions is locally linearly independent on
an interval (a, b) if whenever 3. _ ¢, f; vanishes identically on (q, b), then
¢;=0 for all { for which f; does not vanish identically on (a, b).

THEOREM 3.3. For 0<s<r—1 and any integer j, the sequence
W (.— )= _ . is locally linearly independent on (j,j+1).

Proof. Without loss of generality we may assume j=0. Suppose that
f=3¥%_ c;¥ (. — i) vanishes identically on (0, 1). Let g=3¥°, , cay (. —i).
Then f coincides with g on (0, 1) and so g vanishes identically on (0, 1).
Then g=g, + g,, where g, has support in [ —r—1, 0] and g, has support
in [1,r+2]. Clearly g, and g, are in T,. By the same argument as in the
last part of the proof of Theorem 3.2, g, and g, are in W. So by
Theorem 3.2, g, is a constant multiple of ¥, and, as g, vanishes on [0, 1],
it must vanish identically. Similarly, g, vanishes identically and hence g
vanishes identically.

On [r+1, r+ 2], g coincides with ¢y, and so ¢, =0. Continuing in this
way gives ¢_,; = --- =c_,_,;=0. Thus the sequence (¥, —i))>2 is
locally linearly independent on (0, 1). |

— 0

= =}

Remark. The sequence (Y, (.—i))2 __ is not locally linearly inde-
pendent on (0, ). To see this we note that Wn T, | (0, 1) lies in the space

Pi={pemy | (0,3):p0)=0,0<j<r~1,j#s},
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where 7,,_, denotes polynomials of degree 2r—1. It is easily seen that
dim P=r+ 1. However the r+2 functions {y(.—i): —r—1<i<0} all
have supports overlapping (0, 1) and their restrictions to (0, }) must be
linearly dependent.

" THEOREM 3.4. Any function f in V, can be written uniquely in the form

r—1 © r—1 o
f=% 2 bOB(—D+ Y Y P —i), (3.8)
s=0 i=—o0 s=0 i=—o
for sequences (b)2 __ and (¢®)2 __ in I°. Moreover if f(x) decays
exponentially as |x| — oo, then b'*) and ¢’ decay exponentially as |i| - .

Proof. First suppose that f has support on [a, b]. Let F be the function
in {4 _, (3Z) which vanishes on (— o0, a) and satisfies F*’ =/. Then F
coincides on (b, oo ) with a polynomial p of degree 2r — 1. By Schoenberg’s
theory [13] there is a unique element S of {,,_, (Z) which interpolates F
with multiplicity r on Z. Since F— S is in {,,_, ,(3Z) and has zeros of
multiplicity r on Z, we have F=S+ ¥ form some ¥ in U.

Since F vanishes on (—o0,a) Schoenberg’s theory shows that S(x)
decays exponentially as x— —oo. Also S—p interpolates F—p with
multiplicity r on Z and, since F—p vanishes on (b, ), S(x)—p(x)
decays exponentially as x — co. Writing S in terms of B-splines, we see
that §‘®)(x) decays exponentially as x— —oo and, since S?(x)=
(§—p)? (x), it also decays exponentially as x — co. Thus we can write

r—1 0
SC=3% % bPB(—i), (3.9)
s=0i= -
where b'” decays exponentially as |i| — co.
Now ¥ =F—S§ which equals —S on (—o0,a) and equals p—S on
(b, o). Thus ¥(x) decays exponentially as |x| — co. Applying Theorem 3.1
and differentiating 2r times then gives

r—1 e ¢)

PO=Y ¥ Oy (—i), (3.10)

s=0i=—0

where ¢{*) decays exponentially as i — oo. Adding (3.9) and (3.10) gives
(3.8).
In particular, we can write for j=0,..,r—1, k€ Z,

r—

1 [ o]
B,2x—k)=Y Y by . Blx—i)

§s=0i=—oo

r—1 00
+ 2 Y S ix—1), xeR, (3.11)

s=0i=—o0
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where for some K>0,0<i<1,
lbﬁf}l < KA, Icﬁ.f}l < KA, 5=0,..,r—1,ieZ (3.12)

Now any function fin V| can be written

r—1 oo
f=Y Y aB(2x—k), xeR, (3.13)
j=0k= -
where for j=0,..,r—1, a;=(a’)_ _, lies in /? with

la;il, < C ISl (3.14)
for some constant C. Then (3.11) and (3.13) give (3.8), where

r—1 B

bi=3 2 al’by (3.15)
Jj=0k=—wc
r—1 ox )

=3 ¥ alef) .. (3.16)
Jj=0k=—0

It follows easily from (3.12), (3.14), (3.15), and (3.16) that for
s=0, .., r—1, the sequences b, := (b)= _ and ¢, :=(c!)®> __ arein /?
and

ol <Alfllz el <A Nf, (3.17)

for some constant 4. If f{x) decays exponentially as |x| — oo, then for
j=0,..,r—1, we see from (3.13) that a}/’ decays exponentially as |k| — o0
and again it follows from (3.12), (3.15), and (3.16) that 5! and ¢!” decay
exponentially as |i| - co. ||

CoROLLARY 3.2. The functions (Y (. —i)ieZ, s=0,.,r—1} form a
Riesz basis for W.

Proof. Take fin W. Then by Theorem 3.4 we can write

-1

=Y Y iy (3.18)

=0i=

for a sequence ¢, :=(¢!”)2 __ in % Clearly | f|l, < CX _§ llcll; for some

constant C. Moreover, by (3.17) we have Y.._; llc,|[, < B | f], for some
constant B, which completes the proof. |

COROLLARY 3.3. For s=0, .., r—1, the functions {{(.—i).i€Z} form
a Riesz basis for W T,.
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Proof. Take fin Wn T,. By Theorem 3.4 we can express f as in (3.18).
Take 0<j<r—1, j#s. Then for ke Z, we have

k—1
0=fVk)= T cPyPk—1),
i=k—r—1
and so
r+1 ) )
Y P yNi)=0, keZ (3.19)
i=1

If we had ¥ (i)=0, i=1,..,r+ 1, then ¥, would satisfy the zero inter-
polation conditions for the solvable problem (3.1), which contradicts ¥,
having compact support. Thus the sequence ¢; :=(c!)2 _ satisfies the
non-trivial recurrence relation (3.19) and, since ¢; is in /?, we must have
=0, ieZ

Since this holds for all j with 0 <j<r—1, j#s, (3.18) becomes

f= % Pyl

It follows from Corollary 3.2 that {y(.—i):ie Z} forms a Riesz basis for
WnT,. |

4. AN EXAMPLE

We now consider the simplest case r=2 and express the functions
and ¥, (up to normalisation) in terms of the wavelets f, and g, of
Theorem 5.1 of [7]. For completeness we first give the construction of f,
and g,.

Let N] be the usual B-spline of degree 7 with double knots at 0, ..;, 3 and
a singe knot at 4. Let N/ be the corresponding B-spline with a single knot
at 0 and double knots at 1, ..., 4, so that N](x) = NJ(4 — x). The remaining
B-splines N/, for integers i, are given by N/, ,(x)=N]{x—1). We define a
function F by

F, o(x)=N](2x)+ N!_,(2x), i=0,1,2,
F o (x)=F, o(x) Fio1.0(1)—Fiyy ofx) Fi (1), i=0,1, 4.1)
F(x)=Fy (x) F{ ((1)—F, ,(x) Fg (1). 4.2)
A function G is defined by
G, o(x)=N](2x)— N!_,(2x), i=0,1,2,
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and (4.1), (4.2) with F replaced throughout by G. We now define
fi=F®, g1=G"Y.

Then f; and g, lie in W with support on [0, 3] and are, respectively,
even and odd about 3.

THEOREM 4.1. The functions o, W, defined by
Yolx) =gy (D filx) +filx— 1)) —f{(1)(g(x) —gi(x — 1)),  (43)

—~

Yi(x)=g,(M)(filx) = filx = D)= f1(1)(g(x) + g1 (x — 1)),  (44)
are non-zero constant multiples of r, ¥, respectively.

Proof. Since ¥, ¥, lie in W with support in [0, 4], it is sufficient to
show that they do not vanish identically and

Golk)=y(k)=0, k=1,2,3 (4.5)

By the symmetry properties of f; and g, we see that aZO and ¥, are,
respectively, symmetric and anti-symmetric about 2. So (4.5) is satisfied for
k=2 From (4.3) and (4.4) we see that (4.5) is satisfies for k=1, and so
by symmetry it is also satisfied for k = 3.

Now if f/(1) =0, then f; lies in W T, and has support on [0, 3], which
contradicts Theorem 3.2. Now it follows from Theorems 4.2 and 5.1 of [7]
that £, fi(.—1), g,, g.(- — 1) are linearly independent. Since f|(1)#0, we
see from (4.3) that , does not vanish identically. Similarly we can show
£,(1)#0 and deduce from (4.4) that ¥, does not vanish identically. ||
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